Abstract. Automorphisms of a perfect complex naturally have the structure of an ∞-group: the 1-morphisms are quasi-isomorphisms, the 2-morphisms are homotopies, etc. This article starts by proving some basic properties of this ∞-group. We go on to study the deformation theory of this stack of ∞-groups and give a criterion for this stack to be formally smooth. The classifying stack of this ∞-group classifies forms of a complex. We discuss a version of Hilbert 90 for perfect complexes, and a homotopical Skolem-Noether theorem.
Introduction
The purpose of this article is to study the automorphism group associated to a perfect complex E. As perfect complexes live in derived categories, or some enhanced derived category, this object naturally acquires a higher categorical structure. Our purpose is to prove some elementary properties of Aut(E) such as this ∞-stack is in fact algebraic. We study its deformation theory. The final two sections of this article give applications to Hilbert 90 type theorems and a homotopical Skolem-Noether.
There are a number of models for higher categories. In this article we will use quasi-categories. In the the context of dg-categories a related result has appeared in [TV07] : let S be an affine scheme, and X f − → S a smooth and proper morphism of schemes. Then the stack Perf X/S of families of perfect complexes along f is locally algebraic and locally of finite type [TV07, Corollary 3.29] . Let E be a . In other words, F is a locally free sheaf of rank n. In general, the delooping B Aut E classifies perfect complexes F which are quasi-isomorphic to E after a base change along an effective epimorphism U → X. Since Aut E is algebraic, and thus fppf, the classifying map X c E − → B Aut E of E is fppf, which implies that we can find an fppf covering U → X such that E|U ≃ F|U. Similarly, in case the ∞-group Aut E is smooth, then we can find a smooth covering U → X such that E|U ≃ F|U. This is explained in Proposition 3.15 and Corollary 3.16. Standard arguments now imply that any two forms must be quasi-isomorphic after somé etale extension (Proposition 4.6).
In Section 5, with a little more work, we can show that in fact they must be Zariski-locally quasi-isomorphic:
Theorem 5.3 (Hilbert 90 for perfect complexes). Let X be a Noetherian scheme with infinite residue fields, and E a perfect complex on X. Suppose that F is an fppf-form of E, that is there exists an fppf covering U → X and a quasi-isomorphism E|U ≃ F|U. Then F is a Zariski form of E, that is there exists a Zariski covering V → X and a quasi-isomorphism E|V ≃ F|V.
The argument for Zariski forms is independent of the deformation theory studied in Section 4. In Section 6, we study a homotopical version of the classical Skolem-Noether theorem. Let Mat n denote the algebra sheaf of n × n matrices. The classical Skolem-Noether theorem states that the sequence of group sheaves 1 → G m → GL n → Aut Mat n → 1 is exact. Let Az n denote the stack of rank n Azumaya algebras, that is algebra sheaves A such that locally they are isomorphic to Mat n . Via delooping, we get a fibration sequence of pointed stacks In particular, for every Azumaya algebra A, one can take its gerbe of trivializations X (A). This is a G m -gerbe, therefore it is classified by a class in H 2 (X, G m ), its Brauer class.
If S admits an ample invertible sheaf, then every torsion class in H 2 (X, G m ) is represented by an Azumaya algebra [dJ] , but there is a counterexample for a nonseparated scheme [EHKV01, Corollary 3.11].
On the other hand, every cohomology class in H 2 (X, G m ) is realized by a derived Azumaya algebra [Toë12, Corollary 3.8] , that is a perfect complex A with an algebra structure such that
(1) The underlying perfect complex of A is totally supported.
(2) There exists a covering U → X and a perfect complex E on U such that A|U ≃ REnd E.
The proof of this result is based on the study of the ∞-stack of dg-categories. In particular, it does not involve a Skolem-Noether-type theorem for perfect complexes. We have shown that it's possible to get such a result: 
The derived Skolem-Noether theorem of Lieblich [Lie09, Theorem 5.1.5] can be gotten as the 1-truncation of this result. It is used to give limits of families of PGL n -bundles as generalized Azumaya algebras, that is 1-descent data of pre-generalized Azumaya algebras: weak algebras on perfect complexes which are locally quasi-isomorphic to REnd F, where F is a perfect totally supported sheaf. It is shown that if X → S is a smooth projective relative surface, then stackification is unnecessary: families of pre-generalized Azumaya algebras satisfy 1-descent [Lie09, Proposition 6.4.1]. Using our result, one can lift this restriction: over any quasi-separated and quasi-compact scheme, pre-generalized Azumaya algebras satisfy 1-descent. We explain this in Application 6.8.
Background and Notation
Let S be a scheme. We denote by Sch S the category of S-schemes which are quasi-compact and quasi-separated over Spec Z.
Suppose that A is a Grothendieck abelian category, such as sheaves of O X -modules on a scheme X. Applying the dg-nerve to the category of complexes in A, see [Lur16] , we obtain a quasicategory N dg (Ch + (A)). We will be interested in the full subcategory on complexes of injectives,
s recall what this simplicial set looks like.
The n-simplicies consist of pairs ({K i }, { f I }) where
(1) for 0 ≤ i ≤ n we have a bounded below cochain complex I i of injectives (2) for each subset I ⊆ {0, . . . , n} of the form I = {i − < i 1 < · · · < i m < i + } where m > 0 we have f I ∈ Hom dg (I i − , I i + ) satisfying the equation
The related quasi-categories of truncated complexes can be constructed in the obvious way. This gives the quasi-category D + (A) a t-structure [Lur16, Proposition 1.3.5.21].
Since we are interested in the moduli theory of complexes, we would like have a simplicial
sheaf Sch
. This has been constructed via universal properties in [HS] .
In our article [DZs18] , our main objective was to make this construction explicit, and give a self-contained proof of fppf descent. The main problem with the relative construction is that for a
is only unique up to homotopy. To keep track of these homotopies, we can make use of Gillespie's theory [Gil07] to get, for each S-scheme T, a flat resolution functor C h(T) 
is an n-simplex in the nerve of the category Sch S . That is, for each 0
is an S-scheme, and for each 0
id I i |J| = 2 and α(J) = {i}, 0 else.
Note that for an S-scheme T, we have 
Aut E is algebraic
The automorphism ∞-group of a perfect complex E should in principle be a functor Aut E : Sch S → Set ∆ that has its image inside the full subcategory of Kan complexes. The vertices of the Kan complex Aut E(T) should be the quasi-automorphisms of E T , the edges homotopies between quasiautomorphisms, 2-simplices higher homotopies, so on and so forth. Rather than construct this functor, by the straightening-unstraightening construction it is sufficient to construct a right fibration over Sch S .
3.1. op RH om S (E, F) is a stack. Construction 3.1. Let C be a quasi-category with a final object S ∈ C , X p − → C a Cartesian fibration, and x, y ∈ X (S) two objects over S. Since S ∈ C is a final object, there exists a Cartesian section 
In particular, in case C = Sch S , X = op D S , and E, F ∈ D(S) are two complexes of quasi-coherent
Remark 3.2. Let T be an S-scheme. Note that by construction, we have op RH om S (E, F)(T) = Hom 
That is, taking Cartesian resolutions can be done in a natural way. Let X (S) i − → X denote the inclusion. Now we can take the strict fibre product
Note that the fibre of M ap along the inclusion {y} × C × {x} → X (S) × Sch ×X (S) op is equivalent to M ap(x, y). In case C = Sch S and X = op D S , we denote M ap by op RH om S . 
. Therefore, the bottom horizontal map in the strict fibre product
is a trivial fibration, and thus so is φ. Since φ commutes with the restriction maps to Γ(U • , X ),
is also a trivial fibration, as we can postcompose. Therefore, since we do the same for the augmented simplicial diagrams, we get a strict commutative diagram
where all the horizontal arrows are trivial fibrations. Since X satisfies descent with respect to g, the left vertical arrow is a trivial fibration too. Therefore, by the 2-out-of-3 property, the other two vertical arrows are categorical equivalences. By construction, we have a strict fibre product diagram
Therefore, we get a diagram with the square a strict fibre product
Since ψ is a trivial fibration, Z is a Kan complex. Therefore, ι is the inclusion map of a full sub-Kan complex of a Kan complex, the image of which intersects every connected component of Z. Therefore, it is a weak equivalence. This shows that ψι is a weak equivalence. But ψι is also a Kan fibration by Lemma 3.6. Therefore, it is a trivial fibration as required.
inner fibrations. If p is a right fibration, then the restriction map is a Kan fibration.
Proof. Let n ≥ 2 and 0 < i < n. Then a lifting problem
is the same as a lifting problem
Thus, it is enough to show that the inclusion
As the subcategories on Cartesian sections are full subcategories, the same argument goes through for them. In case p is a right fibration, we can use a similar argument for n ≥ 0 and 0 ≤ d ≤ n.
Aut E is algebraic.
Let k be a field, X f − → S a proper morphism of schemes, and E, F perfect complexes on X. Now we will show that the stack of families of morphisms op RH om X/S (E, F) is algebraic. This will imply that Aut X/S (E) and B Aut X/S (E) are also algebraic. In [TV07, Corollary 3.29], Toën and Vaquié show that in case f is smooth and proper, the stack Perf
of families of perfect complexes of a given Tor amplitude is algebraic. Note that we do not require f to be smooth.
Definition 3.7. Let E be a perfect complex on X. We will say that its Tor amplitude is contained in [a, b] , if for all O X -modules M, we have
We will also say that Proof. Since we're using cohomology sheaves in the definition of Tor amplitude, these follow from [TV07, Proposition 2.22].
Notation 3.9. In this section, the notations τ ≤b and τ ≥a will refer to truncation with respect to the t-structure given by Tor amplitude. 
By construction, the strict pullback T ′ of T along i is the complement of the support of the cone of φ, that is the intersection of the complements of the supports of the cohomology sheaves of the cone of φ, which is closed. Since fibrewise i is the inclusion of connected components, T ′ is the homotopy pullback of T along i too.
Proof of Theorem 3.10. We can assume that E, F 0. Let us use induction on the sum ℓ + m of the Tor lengths of E and F. By Lemma 3.13, for the starting case ℓ + m = 2 we can assume that E and F are locally free sheaves of finite rank concentrated in degree 0. But then op RH om X/S (E, F) is an algebraic space.
For the inductive case, we can suppose that E is of Tor amplitude [a, b] with a < b, as the case ℓ > 1 can be dealt with in a similar manner. Let T = op RH om X/S (E, τ >a F). We have
Therefore, we get a square of T-stacks
which is by construction homotopy Cartesian. But via an argument similar to that of Lemma 3.14, we also have the homotopy Cartesian diagram
is equivalent to the map of S-stacks op RH om X T /T (E T , τ ≤a F T ) → T, and thus geometric. But T → S is geometric by the induction hypothesis, so the composite op RH om X/S (E, F) → S is geometric too.
Lemma 3.13. Let E ∈ Perf(X) ≥0 and F ∈ Perf(X) <0 (recall that this means E has Tor amplitude contained in [0, ∞), and F has Tor amplitude contained in (−∞, 0). Then there exists an ∞-group structure on
Proof. By Lemma 3.14, theČech nerve of * 0 − → op RH om X/S (E, F) gives the group structure on op RH om X/S (E , F[1] ). Therefore, it is enough to show that * 0 − → op RH om X/S (E, F) is essentially surjective. It is enough to show that for all T ∈ Sch S , we have π 0 ( op RH om X/S (E, F)(T)) = Hom D(X T ) (E T , F T ) = 0. By definition of Tor amplitude, we can assume S = T. Let E α − → F be a morphism. Let us prove Hom X (E, T) = 0 in the derived 1-category D(X). By assumption, we have τ <0 E = 0 and τ ≥0 F = 0. Therefore, we get a morphism of distinguished triangles
This shows that α = 0 as needed.
Lemma 3.14. Let E, F ∈ D(X). Then the diagram of ∞-stacks
is a homotopy fibre product.
Proof. Since the vertices of the diagram are ∞-stacks, it is enough to show that the diagram is a homotopy fibre product of right fibrations. For that, it is enough to show that we have a homotopy fibre product of Kan complexes fibrewise. Since for T ∈ Sch S we have a natural
, it is enough to show that the diagram of Kan complexes
is a homotopy fibre product. By the homotopical Dold-Kan correspondence, this in turn is equivalent to that the diagram of complexes of O X T -modules
is a fibration sequence. Since τ ≤0 is a right adjoint and thus exact, it is enough to show that the diagram of complexes of O X T -modules
is a fibration sequence. This in turn follows from
3.3. The stack of forms B Aut E. Let X be an ∞-topos [Lur09, §6.1], X ∈ X , and * x − → X. In our case, X is the quasi-category of fppf stacks over a scheme S, modelled as the full subcategory of the quasi-category of right fibrations over C = Sch S . Then X is a stack, and x is a global section. We would like to define the stack of forms of x.
To go about this in the setting of quasi-categories, we take the essential image of the classifying map * x − → X. That is, one can first form the loop group Ωx, which we will refer to as the automorphism group Aut x. This will be a group object ∆ op → X with underlying category (Aut x) 1 = * × X * . Since in an ∞-topos every groupoid object is effective, we can define the stack of forms of x as the delooping B Aut x, that is the homotopy colimit of the automorphism group. By construction, the classifying map x factors through the canonical map * → B Aut x.
One can show that the factorizing map B Aut x → X is a monomorphism, that is this is the epi-mono factorization. In other words, to describe B Aut X, we only need to describe its objects. In the following, we show that the objects are precisely the forms of x, that is sections of X which are locally equivalent to x. In [Toë11, Théorème 2.1] it is shown that if an S-stack F has an fppf-atlas, then it also has a smooth atlas. This gives us the following Corollary, which is the foundation of our Hilbert 90-type theorem.
Corollary 3.16. Let E be a perfect complex on S. Let P ∈ {fppf, smooth}. Suppose that Aut E is P. Let F be a complex on an S-scheme T. Then F ∈ (B Aut E)(T) if and only if there exists a P-covering U ։ T and a quasi-isomorphism E U ≃ F U .
Proof. It is enough to show necessity. Consider the following diagram with homotopy Cartesian squares.
Aut E * U * B Aut E T.
x y
Since by assumption the left vertical arrow is P, and x is an effective epimorphism, the middle vertical arrow is also P. This in turn shows that the right vertical arrow is P. Let U ։ U be a smooth atlas [Toë11, Théorème 2.1]. Then the composite U → T is a P-cover, and we have E U ≃ F U .
Deformation theory of Aut E
Let C be a triangulated category. Given objects A and B we define
Ext 1 (A, B) = Hom(A, B[1]).
A distinguished triangle
determines an element of Ext 1 (A, B) and conversely the axioms of a triangulated category tell us that given σ ∈ Ext 1 (A, B) there is a unique up to isomorphism triangle determined by σ. We will say in this situation that σ classifies the triangle. Consider an extension in C, that is an exact triangle
and a morphism 
It is classified by a morphism in Hom(
Lemma 4.1. In the above situation, the diagram
is a push out.
Proof. This follows from the fact that
is a distinguished triangle.
Given an exact triangle
we can consider the pullback triangle
It is classified by an element of Ext 1 (E 0 , N).
Proposition 4.2. Consider the diagram
M E E 0 M[1] N F F 0 N[1]
Then the dashed arrows exists if and only if
Proof. If the dashed arrow exists then the left square is a pushout and the right a pullback. The converse follows by pasting triangles.
Corollary 4.3. In the situation of the previous proposition, there is an obstruction
to the existence of the dotted arrow.
Proof. This is straightforward.
Corollary 4.4. Let X 0 ֒→ X be a square zero extension of schemes. Suppose that we have a defomation of perfect complexes E 0 and F 0 to complexes on X. In other words we have exact triangles
M → E → E 0 and N → F → F 0 .
Then given a diagram
there is an obstruction o ∈ Ext 1 (E 0 , N) whose vanishing is necessary and sufficient for the existence of the dashed arrow.
Corollary 4.5. Let E be a perfect complex with locally free cohomology groups. Then the stack Aut X/X (E) → X is formally smooth.
Proof. The question is local on X so we may assume that E is strictly perfect and quasi-isomorphic to its cohomology groups. As the automorphism stack is invariant under quasi-isomorphism the result follows from the smoothness of the general linear group.
Proposition 4.6. If Aut(E) is formally smooth then any form F of E isétale locally quasi-isomorphic to E.
Proof. This follows from 3.16 and [Mil80, Proposition 3.24 (b)].
A Hilbert 90 theorem
Lemma 5.1. Suppose that P • and Q • are perfect complexes over a noetherian ring R. Let R → S be a flat morphism. Then
Proof. Our hypotheses imply that the notions of strictly perfect and perfect agree. Hence, we can assume that P • and Q • are bounded complexes of projective modules. We will write Hom
for the hom complex between these two complexes. The 0th cohomology of this complex computes
as the analogous formula holds termwise for this complex. The result follows by observing that ⊗ R S commutes with taking cohomology, as R → S is flat.
Construction 5.2. In the situation of the previous Lemma, take
We obtain a generic morphism
The morphism f[t * ] fits into an exact triangle respectively are non-empty as they have an S-point. It follows that they have an R/m-point which lifts to an R-point we call α. Taking derived pullbacks of the generic morphisms along the R-point gives us morphisms of complexes
These morphisms are quasi-isomorphisms as they are derived pullbacks of quasi-isomorphims.
Corollary 5.4. Let X be a scheme and E a perfect complex on X. In the situation of the theorem, let f : Spec(R) → BAut(E) be a point. Then f factors through the presentation * → BAut(E).
Proof. The morphism f is amounts to giving a morphism φ : Spec(R) → X and a fppf-form of L * φ(E). The form is trivial via the theorem, that is it is quasi-isomorphic to L * φ(E). Hence the lift exists.
Homotopical Skolem-Noether theorem
In this section, we will prove the homotopical Skolem-Noether theorem: for a perfect complex E on X, letting Supp E i − → X denote the inclusion of the support of E, we have a fibration sequence of pointed ∞-stacks Our method of proof will be to add an arrow in the middle:
and show that the small squares are homotopy Cartesian too. Here, EW E ⊆ Perf is the full subcategory on perfect complexes F such that REnd E ≃ REnd F. Since we work in the language of quasi-categories, first we will have to define the higher algebraic structure on complexes on schemes in the language of [Lur16] . Then we can use the Morita theory developed by Lurie in this setting [Lur16, §4.8] 6.1. Higher algebra on complexes on schemes. To be able to make higher algebraic statements about complexes on schemes, we equip the stack op D S with the structure of the opposite of a family of symmetric monoidal quasi-categories. Following the point of view of [Lur16, §2] , this means the following. Take the category Fin * with
• objects the pointed finite sets n = { * , 1, . . . , n} for n ≥ 0. We denote n • = {1, . . . , n}.
• morphism set Hom Fin
For each n > 0 and i ∈ n • , we fix the map n
(1) it is a coCartesian fibration, and
The idea here is that coCartesian edges give the usual operations. For example, the zigzag
Let K be a simplicial set, and C ⊗ p − → N Fin * ×K a morphism of simplicial sets. Then p is a family of symmetric monoidal quasi-categories on K, if (1) it is a coCartesian fibration, and (2) for each k ∈ K, the fibre C 
Let K ∈ Ch(T). Then we denote by
Then we denote by L f * the composite Ch(T)
be the following simplicial set.
• For N ≥ 0, its N-simplices are tuples
),
where
) is an N-simplex of N(Fin * ) op ,
such that we have
•
be a morphism of standard simplices. Then the map of simplices
• , we have K c ), (I a ) ) is an equivalence. By construction, we have
and
which proves the claim.
is e-Cartesian. For this, we need to show that for each
is a weak equivalence. But just as in [DZs18, Lemma 5.8], this is the weak equivalence
This concludes the proof of that p is a Cartesian fibration.
iii) The last thing to check to prove that p is a co-family of symmetric monoidal quasi-categories is the following. Let Moreover, we have the following Eilenberg-Watts-type theorem. 
is homotopy Cartesian. Since this diagram is strict Cartesian by construction, it is enough to show that the forgetful map B Aut
Mod O E is a right fibration onto its essential image. But this is a restriction of the forgetful map Mod * → Mod, which is a right fibration, to a connected component, which proves the claim.
(V) The last claim we need to prove is that the strict Cartesian square
is homotopy Cartesian. This follows from that the inclusion B Aut E → EW E is fibrewise the inclusion of connected components.
Application 6.8. Let X f − → S be a proper and smooth morphism of algebraic spaces. In [Lie09] , Lieblich compactifies the stack f * B PGL n of families of principal PGL n -bundles the following way. Using the version of the Skolem-Noether theorem 1 → µ n → SL n → PGL n → 1, we get that the natural map B SL n µ n → B PGL n is an equivalence. Here, B SL n µ n is the rigidification, that is the target of the universal morphism B SL n → B SL n µ n which is invariant with respect to the µ n -action on B SL n given by scalar multiplication To give another description of the objects classified by f * (T O X/S (n) µ n ), Lieblich introduces the notion of pre-generalized Azumaya algebras. These are perfect algebra objects A of the derived category D(X) = Ho D(X) such that there exists a covering U → X and a totally supported perfect sheaf F on U such that A|U ≃ REnd(F). Then he considers the category fibred in groupoids PR of pre-generalized algebras, where the isomorphisms are the weak algebra isomorphisms of Alg D(X). Since working in this truncated setting he can't keep track of all the higher descent data, he needs to make the stack of generalized Azumaya algebras G the stackification of PR. Therefore, although he can show that the objects of G are the weak algebras of the form Rπ * REnd(F) where X Since being a fibration sequence of pointed ∞-stacks is local, and the twisted sheaf F is locally isomorphic to a sheaf, our result implies that this is a fibration sequence. Therefore, we have an exact sequence π 2 B Aut F → π 2 B Aut A → π 1 BG m → π 1 B Aut F.
As B Aut F is a 1-stack, we have π 2 B Aut F = 0. Moreover, the map π 1 BG m → π 1 B Aut F is the scalar action G m → Aut F, which is injective. These two facts imply π 2 B Aut A = 0. 
